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Abstract A first approach to the relationship between the

electron localization function (ELF) and electronic delo-

calization upon bond formation is provided. We show from

first principles the ability of ELF at the bond critical points

to act as an index of the electron reorganization involved in

chemical bonding. Simultaneously, this index, that we shall

call ELF delocalization index (EDI), constitutes a good

measure of electron delocalization. We will show how the

core of ELF is proportional to the Wiberg index under the

valence bond approach. This relationship will be exploited

for some representative examples where EDI is able to

identify the stages of bond formation. Furthermore, a

maximum in EDI along this process has been found to

correlate with the molecular equilibrium configuration,

allowing for a formulation of a ‘‘maximal localization

principle’’ for the stable structure of covalent compounds

in terms of ELF.

Keywords Chemical bonding � Electron localization

function � Electron delocalization � Bond formation

1 Introduction

In spite of the numerous analyses on molecular structural

changes carried out by means of the combination of elec-

tron localization function (ELF) studies and catastrophe

theory [1], we are still far from a complete conceptual

understanding of the interplay between the triad energy-

chemical bonding-wavefunction. This is translated within

the ELF framework in not much work being devoted to

establishing a thorough link between the outcome of

quantum chemical calculations, in the shape of wave-

functions and densities, and the ELF bonding pattern [2].

For this purpose, it is necessary to forget the complicated

shape of common wavefunctions and to collect in a simple

manner the main consequences that bond formation has in

Hilbert space so that we can relate them to the topological

changes suffered by ELF. Due to the ability of the valence

bond (VB) approach to correctly account for bond disso-

ciation in terms of orbital interference, we will follow this

VB route in order to get deeper insight into the effects of

the Pauli principle on the topology of ELF. VB theory

provides the fundamentals for the comprehension of

chemical bonds in terms of quantum interference between

clouds and the exchange interaction, correctly accounting

for the dissociation of homonuclear diatomic molecules for

which the molecular orbital approach spectacularly fails.

After giving in Sect. 2 some background on ELF and its

ability to account for electron localization, the correlation

between bond formation and ELF will be analyzed in

Sect. 3. We will formulate the electron localization func-

tion within the valence bond approximation following a

similar procedure to that established by Savin in terms of

the excess of kinetic energy density brought about by the

Pauli principle. This VB formulation will highlight the

relevance of the ELF value at the bip for (1) providing a

measure of electron delocalization and (2) comprehending

bond formation. With this information, we will construct

an index that we shall call EDI (ELF Delocalization Index).

The first point will be developed in Sect. 4, where the core

of ELF, v(r), will be related to the excess of kinetic energy
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brought about by orbital orthogonalization. The ability of

EDI to characterize the process of bond formation will be

exploited then in some representative examples in Sect. 5,

where the conclusion derived from the VB analysis will be

shown to apply for MO calculations. Indeed, it will be

shown how the value of EDI is able to identify the stable

conformation. We will end up with a summary of the main

conclusions derived from this approach.

2 Theoretical background: ELF and electron

localization

The electron localization function was originally designed

by Becke and Edgecombe to identify ‘‘localized electronic

groups in atomic and molecular systems’’ [3]. As formu-

lated by Savin et al. [4], it relies, through its kernel, to the

laplacian of the conditional same spin pair probability

scaled by the homogeneous electron gas kinetic energy:

vðrÞ ¼ DtðrÞ
t0ðrÞ ; ð1Þ

in which DtðrÞ can be understood [4–6] as the difference of

the actual definite positive kinetic energy t(r) and the von

Weizsäcker kinetic energy density [7], that solely depends

on the density, q:

Dt ¼ tðrÞ � 1

4

qðrÞð Þ2

qðrÞ ð2Þ

Division by t0(r) establishes a reference with the kinetic

energy density of the homogeneous electron gas:

t0ðrÞ ¼ 3

5
ð6p2Þ2=3q5=3ðrÞ ð3Þ

For convenience reasons, the function v(r) is re-scaled

according to ELF ¼ ð1þ v2Þ�1
, so that it runs from 0 to 1

and high values of the function correspond to regions of

high localization.

Several interpretations of ELF have been proposed

along the years. For our coming discussion, it is interesting

to note that previous interpretations in terms of orbitals

were advanced by Burdett [8] and more recently by

Nalewajski et al. [9] who considered the non-additive inter

orbital Fisher information. Another route is to explicitly

consider pair functions [10], an approach that has been

independently developed by Kohout et al. [11, 12] and by

Silvi [13, 14].

The topological partition of the ELF gradient field [15,

16] yields basins of attractors that can be thought of as

corresponding to atomic cores, bonds and lone pairs. The

valence basins V(A, ...) encompassing a given atomic core

basin C(A) form the valence shell of atom A, in agreement

with the Lewis’s picture, and they may belong to several

atomic shells. Moreover, it has been recently shown that

the electrostatic repulsions between these basins provide a

justification of the valence shell electron pair repulsion

(VSEPR) rules [17]. The properties of the gradient

dynamical system are complemented with the interpreta-

tion derived from the concept of f-domain [18], which

enables to recover chemical units in the system, as well as

to characterize the basins according to common chemical

knowledge. According to the value of ELF at the first-order

saddle points where the f domains change, also known as

bips (bond interaction points) [19] or (3, -1) critical points

[20], a bifurcation tree can be constructed that reveals the

basin hierarchy at a glance [2, 18].

Throughout the text, several computational codes have

been used for the analysis of ELF profiles and topology.

The equations derived in Sect. 3 have been implemented in

gnuplot. The analysis of molecular topologies at the

Hartree-Fock level has been carried out with the TOPMOD

package [21]. A special version of the code has been

developed for the 1D plots (e.g. Fig. 5). Applications to

crystalline solids have been analyzed thanks to a code

developed by the authors [22] that enables local and global

topological analysis from crystalline wavefunctions.

3 Characterization of bond formation

In order to achieve a good description of the process of

bond formation under the ELF approach, it is necessary to

invoke a supermolecular wavefunction able to qualitatively

reproduce the interactions brought about by the pairing of

electrons.

3.1 ELF within the valence bond approximation

In this section, we will resort to the valence bond wave-

function in order to further analyze how the changes in the

control parameters (nuclei positions) influence the wave-

function and induce electron pairing in real space as pic-

tured by ELF.

We first set down the usual elementary treatments of the

two electron bond, such as in H2. We use atomic orbitals

wA (atom A) and wB (atom B) as the building blocks, with

overlap S ¼
R

wAwBds.

The Heitler-London [valence bond (VB)] wavefunction

that results is given by orbital orthogonalization according

to [23]:

/ð1; 2Þ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ S2
p wAð1ÞwBð2Þ þ wAð2ÞwBð1Þð Þ ð4Þ

So that the density (q) and the positively defined kinetic

energy density (t) can be obtained, respectively, by:
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qðrÞ ¼
Z
j/j2dr2

¼ 1

1þ S2
ðw2

AðrÞ þ w2
BðrÞ þ 2SwAðrÞwBðrÞÞ ð5Þ

¼ 1

1þ S2
ðqAðrÞ þ qBðrÞ þ 2SwAðrÞwBðrÞÞ ð6Þ

and

tðrÞ ¼ 1

2

Z
jr/j2dr2 ¼

1

2ð1þ S2Þ ðrw2
AðrÞ þ rw2

BðrÞ

þ 2SrwAðrÞrwBðrÞÞ ð7Þ

¼ 1

1þ S2
ðtA þ tB þ SrwArwBÞ ð8Þ

since qA ¼ jwAj
2

and tA ¼ 1
2
jrwAj

2
. The difference

between t(r) before and after the antisymmetrization

provides a good approximation to the changes due to the

fermionic nature of electrons. It can be understood as the

interference term that results from subtracting the classical

contribution to Eqs. 6 and 8:

DqðrÞ ¼ �S2

1þ S2
w2

AðrÞ þ w2
BðrÞ

� �
þ 2S

1þ S2
wAðrÞwBðrÞ;

ð9Þ

DtðrÞ ¼ tIðrÞ þ tIIðrÞ ð10Þ

¼ �S2

2ð1þ S2Þ rw2
AðrÞ þ rw2

BðrÞ
� �

þ S

1þ S2
rwAðrÞrwBðrÞ ð11Þ

The mono- and bicentric contributions (tI(r) and tII(r))

to the kinetic energy density have been highlighted for

ulterior discussion. From Eq. 11, we can proceed to define

and analyze ELF under the VB approach, ELFVB ¼

1þ vVBð Þ2
� ��1

, with:

vVB ¼ DtðrÞ
t0ðrÞ ð12Þ

where t0 is given by Eq. 3. The clear relationship between

vVB and the interacting orbitals by means of Eqs. 6 and 11

will proof to be very useful in the coming sections for

understanding delocalization and bond formation.

3.2 The ELF delocalization index (EDI)

The results of the interference are easily analyzed at the

bond middle point, R/2, although they are apparent along

the whole bonding region. For a homonuclear diatomic

molecule, Dq and Dt at this point are given, respectively,

by:

Dq
R

2

� �

¼ 2Sð1� SÞ
1þ S2

qA

R

2

� �

[ 0 ð13Þ

Dt
R

2

� �

¼ �2Sð1þ SÞ
1þ S2

tA
R

2

� �

\0 ð14Þ

where we have made use of the contragradience relation-

ship rwAðR=2Þ ¼ �rwBðR=2Þ. These relationships high-

light the main characteristics of the exchange contribution

in the bonding region: density increases and electrons

become slower. The net effect on the ELF value at the bond

point is a rise that identifies the interference taking place.

Although the nature of the critical point might change

(a maximum will appear if the covalent bond is finally

formed), the value of ELF at this ‘‘bond point’’ enables the

characterization of the process of bond formation. We shall

call this value EDI from now onwards after ‘‘ELF delo-

calization index’’.

In order to visualize the evolution of EDI and delocali-

zation upon bond formation, it is possible to resort to

ELFVB defined in Eq. 12. However, this information cannot

be exploited directly due to the impossibility of ELF to

reflect bonding in the two electron case. As already

observed for the MO approach, the fact that ELF is based

on same spin probabilities gives a value of 1 in the whole

space for the 2 electron case, i.e. for the 2 orbital- 2

electrons for which the above VB approach is developed.

In spite of this conceptual difficulty, it is possible to

understand the process of bond formation from the analysis

of the monocentric and bicentric terms in Eq. 11. The

aforementioned contragradience of orbitals led Goddard

and Wilson [24] to advance that the bicentric contribution

to the kinetic energy is the main responsible for the

localization of electrons in the bonding region. However, a

closer look at the definition of this contribution reveals that

this is not the case. As shown above, the effect of electron

pairing in the bonding region is a decrease in their elec-

tronic kinetic energy, a fact that can only be accounted for

by tI(r). Analysis of tII(r) along the internuclear line would

clearly unveil a straight line for a given R. This fact is

easily understood in terms of the H2 molecule with a STO

basis set (exponent f = 1):

tIIðrÞ ¼ S

1þ S2
rwAðrÞrwBðrÞ ¼

S

1þ S2
e�R ð15Þ

The influence of both terms upon bond formation can be

actually visualized if ELF is constructed from each of the

contributions:

v ¼
X

i

vi ¼
X

i

tiðrÞ
t0ðrÞ ; ð16Þ

ELF ti
	 

¼ 1

1þ við Þ2
ð17Þ
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where i stands for the mono- and bicentric contributions

(Eqs. 14, 15). Although the resulting ELF[ti] are obviously

non-additive, much information can be gained from their

analysis. Since tII is constant, ELF[tII] (Fig. 1 left) only

gathers information from the electron density: it reflects the

atomic positions. Local information about the chemical

bond arises from the monocentric contribution, tI, so that

ELF[tI] (Fig. 1 right) reflects the net localization of elec-

trons in the interatomic region. This result is in agreement

with the relevance given by Ruedenberg [25] to the

monocentric interference population in bonding

stabilization.

4 Characterization of bond order

The evolution of bond orders provides an intuitive visuali-

zation of the progress of electronic reorganization along a

reaction path. Hence, it is not surprising to find that elec-

tron distribution indexes are equivalent to delocalization

indexes [26, 27]. In agreement with recent analyses that

highlight the ability of the Hartree-Fock approach to

characterize the densities involved in many processes of

bond formation [28, 29], ELF can be understood as a one-

electron measure of electron fluctuation. The relationship

between the value of ELF along the interacting line and

inter-basin delocalization is easily inferred from Eqs. 13

and 14. As fragments approach one another, electrons flow

from the atom/molecule to the interfragment region and

ELF rises at those places where it was earlier negligible,

such as the first-order saddle points or bond interaction

points (bips). Indeed, the greater the bip value, the closer

the relationship between the basins involved [30].

In order to analyze the ability of ELF as a delocalization

index, let’s go back to our test-bed case, the perfect

homonuclear H2 molecule under the VB approach.

Resorting to the Wiberg index [31], which is probably the

widest spread measure of electron delocalization, we have

under the same methodology [32]:

BVB
AB ¼ 4

Sð1þ SÞ
1þ S2

� �2

ð18Þ

The overlap term is exactly the same as the one for the

Pauli kinetic energy term in Eq. 14 at the (3, –1) critical

point. This finding further confirms the relevancy of the

‘‘bond point’’ at which EDI is analyzed in understanding

bond formation. Moreover, we have then arrived at a

simple and clear relationship between the variations

induced in the kinetic energy density in the bond region

and the bond order of molecules. Results for these two

quantities in our test-bed H2 molecule are shown in Fig. 2.

Two regions clearly arise from the analysis of DtðrÞ. For

about R [ 2, where density changes are small compared to

the kinetic energy ones, the behavior of the Wiberg index is

completely determined by the variation in the kinetic

energy induced by the interference [33]. At smaller

distances, BAB and Dt do not follow the same behavior.

However, the homogeneous electron gas rescaling is able

to get rid of the density dependency so that the parallelism

between BAB and vI is preserved. It is interesting to note

that this analysis not only enables to understand the need to

rescale the Pauli kinetic energy in order to obtain a good

picture of bonding, but most importantly, it is able to show
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the relationship between the EDI value and delocalization

measures. In fact, the relationship between ELF in the

bonding region and electron delocalization has been

stealthily present in the literature.

Firstly, the interpretation of ELF by Putz [34] in terms

of the relative error in electronic position and momentum

highlights the relevance of ELF lower values (in those

regions, the uncertainty in the spatial localization of the

electrons is very low). This delocalization interpretation is

also associated with the proposal by Savin to link perfect

ELF basins with perfectly localized orbitals [35, 36]. In this

hypothetical case, the overlap fulfills SijðXÞ ¼ dij, so that

the overlap at the border of the perfectly localized orbital is

zero and so is the ELF, since tðrÞ ¼ rwðrÞ ¼ 1. In the

opposite case, that of metals, we also have the index pro-

posed by Silvi and Gatti [37], where the EDI value is used

to measure metallicity. Kohout [38] also proposed an

alternative measure of localization (ELI) that coincides

with ELF at the Hartree-Fock level. ELI, which is defined

without the reference to the uniform electron gas, inte-

grates the electron pair density over regions of fixed spin

charge. Thus, it highlights more clearly the variation

between 0 and 1 in ELF/ELI with an augmentation of the

correlation between same spin electrons. Furthermore, the

wide-spread use of bifurcation diagrams [15, 18, 19] to

understand the relationship between chemical entities is

based on this very same principle. As the ELF at the bip

point is larger, the chemical entities separated by it are

more interrelated, i.e. there is a greater delocalization

between them.

This result also throws light into the meaning of the

integrations within the basins delimited by zero flux ELF

surfaces. The relationship of ELF with the charge-inde-

pendent curvature of the Fermi hole [10] indicates that

ELF separatrices are connected with the existence of

minimum inter-basin delocalization. Therefore, ELF

would divide the space in regions analogous to the loges

of Daudel [39]. Indeed, the fact that the charges pro-

vided by the integration of the ELF basins are so close

to the chemically expected values clearly indicates that

these basins enclose the chemical meaning of electronic

pairing.

All in all, these ideas point in the direction of taking

ELF as a tool that divides space into regions of maximal

localization, whose separation from one another is reflected

in the EDI value. A deep analysis of the localization pattern

of a chemical system should not only include the value of

ELF at the maxima, but also the EDI values, in order to

provide insight into the variance of the associated

populations.

5 Application to molecules and solids

5.1 Valence bond in the H2 molecule

In order to check the ability of vI to reproduce the process

of bond formation, let’s take again the ground state of the

H2 molecule, where most of the binding energy stems

from the exchange-overlap term. It is well set that the VB

approach provides a good qualitative description of the

ground state interaction, and, most importantly, it gives

rise to a good description of the H2 dissociation. As

expected, electrons are only localized at the nuclei for

long H–H distances (Fig. 3 left), whereas a bonding

region appears as the atoms come closer together (Fig. 3

right). At large distances, where virtually no overlap

exists between orbitals, the main contribution to energy is

due to the correlation of electrons, not accounted for in

the HF approximation, and not reflected in the ELF pic-

ture (Fig. 3 left). As orbitals come closer together, their

overlap is not negligible anymore and exchange interac-

tion arises [40]. The new overlap between orbitals gives

rise to a non-negligible probability of electrons being in

both fragments. According to the Pauli principle, this

overlap requires the antisymmetrization of the corre-

sponding orbitals [41] and gives rise to the formation of

the bond (see Fig. 3 right).
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5.2 Hartree-Fock in the N2 molecule

It has been argued that the independent electron approxi-

mation (HF) provides in many cases [14, 29] a good

description of chemical bonding, and hence, the pair den-

sity descriptors can be approximated by charge-dependent

indexes. This picture would be in agreement with the

association of bond charges, Nb, with bonding indexes [15]

BAB ^ 0.5 Nb, as well as with the observation of bond

order conservation along exchange reactions [42]. It

becomes thus interesting to check the applicability of EDI

to other calculation methods, so we will study the process

of bond formation in N2 under the MO-HF approach. It

exemplifies the evolution of EDI upon dissociation of a

covalent multiple bond within HF (Fig. 4) and can be

compared with previous studies of bond formation [43, 44].

The bonding changes that have been found, as well as their

regimes, are in agreement with recent Fermi Hole based

(SEDI and DAHF) results [29].

Figure 5 shows that at R = 5.0, we are still in an

atomic-like regime: the EDI value is negligible and there is

no bond basin (see Fig. 4). At R = 4.5 bohr only polari-

zation takes place, the EDI value is rising but a disynaptic

basin is still lacking. At R = 2.0 bohr, the V(N,N) appears

(Fig. 4). As the molecule is further compressed, bond basin

charge continuously grows. At R ^ 1.0, the N–N disy-

naptic basin is completely formed and separated from the

lone pairs. As expected from the process, the EDI value

increases along the bond formation process, identifying the

increasing N–N bond order. Furthermore, a very interesting

feature appears under the HF approach. The EDI reaches its

maximum at the equilibrium conformation and then

decreases again. This is an extremely appealing test to

which many bond orders fail. Density-only-based
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approaches continuously increase as the molecule is com-

pressed, independently of being at the repulsive wall. As an

example, basin charges are provided in Fig. 4. However,

the inclusion of kinetic energy densities provides more

insight into the formation of the bond, identifying the

equilibrium geometry.

5.3 Solid CO2

One of the most appealing applications of EDI as a delo-

calization measure is the study of interactions in solid state.

Delocalization indexes have been providential in the study

of multicenter interactions within molecules [15, 45], but

their calculation in crystalline phases is limited due to the

difficult access to high-order density matrixes in solid

calculations. Indeed, the recent availability of high-pres-

sure techniques has enabled the identification of many

bond formation processes, whose study is crucial from a

theoretical point of view. The application of the principles

we have hereby developed encloses a great potentiality in

this area.

The analysis of CO2 polymerization enables to illustrate

the ability of EDI to track the process of bond formation in

solids. Figure 6 shows the evolution of the ELF profile as

CO2 proceeds towards 6-fold polymerization, highlighting

the increase in EDI and thus the relevance of exchange

interaction upon bond formation. At large cell volumes

(Fig. 6 left), the molecular phase is the stable polymorph,

i.e. the multiple C=O bond of different fragments is

favored over an extended single bond network. Hence,

molecular units that respect the in vacuo geometries, sep-

arated by great distances between them, are observed.

Indeed, the inspection of the intramolecular bond in Fig. 6

(left,bottom) reveals a ring shape for the bond attractors, a

fingerprint of double bonds. The intermolecular forces that

retain the CO2 molecules together in this range are long

range, and virtually, no overlap between the orbital frag-

ments occurs. As the volume is further compressed, the

approach of surrounding molecules induces chemical

changes in the molecular structure (Fig. 6 center). The EDI

value in the intermolecular region between intermolecular

valencies rises (see Fig. 6 center, top), highlighting the

drastic contribution of electronic exchange to polymeriza-

tion [30]. This intermolecular interaction has a net effect on

the molecule itself. A weakening of the intramolecular

C–O bond takes place, which is observed in the loss of its

annular shape and in the decrease of its electron popula-

tion. As pressure is induced, the density reorganization of

the lone pairs gives rise to new lone pair maxima oriented

towards the approaching molecule that represents the

‘‘secondary interactions’’ (see attractors in Fig. 6 center,

bottom). The emerging basin can be considered as a pre-

lude to a future bond, giving rise to a 2 ? 4 carbon coor-

dination. This fact would explain the incipient stabilization

of a 6-fold coordinated carbon (stishovite-like) at high

pressure. At higher compression (Fig. 6 right), a new

covalent bond in completely formed with the 4 s neighbors

giving rise to an extended single bond framework.
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Fig. 6 Evolution upon compression of ELF profiles (top) and

isosurfaces (bottom) for different bonding regimes along CO2

polymerization. Top ELF profiles and their chemical meaning: C

for carbon, O for oxygen, B for bond and LP for lone pair. Bottom first

and second neighboring oxygens (red) for one carbon atom (blue) are

shown. Valence atttractors and isosurfaces in brown. R1 and R2 refer

to the distance to the first and second neighbors, respectively
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6 Conclusions

We have introduced a formulation of the electron locali-

zation function within the valence bond approach, which

allows to understand the qualitative changes that this

function suffers upon bond formation. Moreover, the ana-

lysis of these changes enables to relate the EDI value (ELF

value at the bond point) with electron delocalization, hence

introducing an easy and visual monoelectronic index for

pair fluctuation. This finding is especially relevant for solid

state calculations, whereby pair density-related fluctuation

indexes are not easily available. Finally, the relationship

between delocalization and electron reorganization along

the bond formation path has been exploited in some rep-

resentative examples, showing the inherent correlation

between the stability and the electron localization within a

molecule. It has been found that the equilibrium geometry is

driven toward a maximum in the EDI, allowing for a

formulation of a ‘‘maximal localization principle’’ for the

stability of covalent compounds.
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